Abstract: We show that there are remarkable simplifications when the MHV diagram formalism for N = 4 super Yang-Mills is reformulated in momentum twistor space. The vertices are replaced by unity while each propagator becomes a dual superconformal 'R-invariant' whose arguments may be read off from the diagram, and include an arbitrarily chosen reference twistor. The momentum twistor MHV rules generate a formula for the full, all-loop planar integrand for the super Yang-Mills S-matrix that is manifestly dual superconformally invariant up to the choice of a reference twistor. We give a general proof of this reformulation and illustrate its use by computing the momentum twistor NMHV and N 2 MHV tree amplitudes and the integrands of the MHV and NMHV 1-loop and the MHV 2-loop planar amplitudes.
Introduction
The MHV diagram formalism [1] is a set of momentum space Feynman-like rules for calculating scattering amplitudes in supersymmetric gauge theories. In these rules, the propagator is the scalar propagator 1/p 2 , while the vertices are essentially MHV amplitudes, extended off-shell by means of a 'reference spinor'. The MHV formalism provides a substantial simplification over the use of conventional Feynman diagrams and has lead to direct calculations of a number of tree and loop amplitudes [2, 3, 4] . It is now well established at tree level [5, 6, 7] and for supersymmetric gauge theories at 1-loop [4] . It has also been extended to many other gauge theories with different forms of matter, see e.g. [8, 9, 10, 11, 12] . MHV diagrams are the axial gauge Feynman diagrams of a supersymmetric Yang Mills action in twistor space, which in a different gauge is equivalent to the standard space-time action [8] and has also been obtained from the light cone gauge space-time action in various ways [13, 14, 15] .
In a separate line, dual superconformal invariance has proved a powerful tool in the study of scattering amplitudes in planar N = 4 SYM [16, 17] , leading to a complete formula for the amplitude at tree-level [18] and many new insights at loop level [19, 20, 21, 22] . It can be motivated as arising from T-duality in the AdS/CFT approach to calculating amplitudes at strong coupling [23, 24, 25] as areas of minimal surfaces in AdS. This string based approach has a field theory limit in which amplitudes are obtained as the correlation function of a Wilson loop around a null polygon in region momentum space [26, 27, 28, 29, 30] .
The spinors of the dual conformal group have been introduced to this context by Hodges [31] and termed 'momentum twistors' because the space-time that they correspond to is region momentum space. The null polygon in region momentum space is dual to a polygon in momentum twistor space CP 3|4 and is determined by ntwistors. The correspondence between the n null momenta and n momentum twistors is essentially a purely algebraic change of variables but serves to manifest dual superconformal invariance. Hodges [31] gave a geometric interpretation of NMHV tree diagrams and [20] gave a Grassmannian formulation of tree amplitudes and leading singularities that manifests dual superconformal invariance and is equivalent to the Grassmannian formulation of [32] in usual twistor space. The main purpose of this article is to reformulate the MHV diagram rules into momentum twistor space. We find that the reformulation does indeed simplify the formulae and manifest superconformal invariance as much as could be expected. The original MHV diagram formalism violates even Lorentz invariance through the choice of a reference spinor. In our momentum twistor formulation, this becomes a choice of reference twistor. But for that choice, the formalism becomes dual superconformal invariant. The Feynman-like rules for constructing an integrand from an MHV diagram become simply the association of a dual superconformal 'R-invariant' whose arguments are the reference twistor and certain other twistors that can be read off the diagram near the propagator. The vertices are replaced by unity. Thus the formalism gives a direct algorithm to calculate the all-loop integrand for N = 4 super Yang-Mills amplitudes. This algorithm is particularly efficient for amplitudes of low MHV degree and we give a number of examples at both tree and loop-level.
Of course these loop integrands must be integrated in order to obtain the amplitudes. These integrals are divergent and need to be regularised. The traditional choice is to use dimensional regularisation, but this does violence to the twistor correspondence. However, the Coulomb branch regularisation proposed in [33] -a natural, physically motivated way to regulate the infra-red divergences of amplitudes -meshes very naturally with momentum twistor geometry, as found in [34, 35, 36, 37] .
There are a number of avenues for further investigation that follow on from these ideas that we plan to address in subsequent papers. In particular, in a companion paper [38] we make contact with the Wilson loop story in dual conformal space-time by reformulating the Wilson loop in momentum twistor space and calculating its correlation function using the twistor action in an axial gauge. This leads precisely to the MHV formalism for scattering amplitudes in momentum twistor space obtained in this paper, but with the corresponding Feynman diagrams being the planar duals of the MHV diagrams for the scattering amplitudes.
The MHV diagram formalism is widely believed to give the correct answers for reasonably general supersymmetric gauge theories to all loop orders. However, this has only been proved systematically at tree-level [5, 7] and 1-loop [4] (unless one is prepared to take the twistor action argument to be a proof). The work of this paper together with the recent work on BCFW recursion relations for loop integrands [39, 40] suggests that recursion in momentum twistor space might lead to a proof for the all-loop integrand. Indeed, Risager recursion in momentum twistor space is based on a shift of the external momentum twistors along the reference twistor and should be straightforward to implement in this context. This version of the MHV formalism leads to formulae that are very close to those obtained by BCFW recursion. The fact that R-invariants are naturally associated to the propagators in MHV diagrams is suggestive also of a similar diagram formalism for the formulae for amplitudes obtained by BCFW recursion in terms of R-invariants. Indeed this is clear for the Drummond and Henn formula for the tree level N = 4 super Yang-Mills amplitudes, and the pattern seems likely to continue for the formulae obtained by BCFW recursion for the loop integrand [39, 40] .
The paper is structured as follows. We give brief introductions to momentum twistors in section 2 and to the MHV diagram formalism in section 3. In section 4, we describe and prove the momentum twistor space MHV rules for an arbitrary N = 4 tree amplitude, and illustrate their use in the NMHV, N 2 MHV and N 3 MHV cases. The main difficulty here is to keep track of how external twistors need to be shifted when placed into R-invariants associated to sequences of adjacent propagators. In section 5 we extend the formalism to 1-loop amplitudes, again illustrating their use with MHV and NMHV examples. At 1-loop, not only are propagators adjacent, but one also needs to incorporate a pair of twistors that describe the loop momentum. We give a comparison to unitarity methods in section 6 to verify the independence from the reference twistor in the MHV case (this is of course known independently from the work of [4] ). Finally, we explain the extension to all loops in section 7.
Momentum Twistors for N = 4 super Yang-Mills
An on-shell N = 4 supermultiplet
depends on bosonic spinor momenta 1 (λ A ,λ A ) and a fermionic variable η a that the counts the helicity of the component fields. In the planar sector of n-particle scattering amplitudes, the colour-ordering allows us to naturally encode the n such supermomenta into n region supermomenta (x AA i , θ Aa i ) defined for i = 1, . . . , n up to translation by
with (x n+1 , θ n+1 ) ≡ (x 1 , θ 1 ). It is clear that, in terms of these variables, the amplitude is invariant under a common translation of the (x i , θ i ) as well as Lorentz transformations. Working with region momenta also ensures that supermomentum conservation
is automatic. If one pulls out an overall factor of the MHV tree amplitude, writing
for an arbitrary amplitude, one finds that tree-level ratio functions M are invariant under a dual superconformal group [16] . This group acts on the region momenta (x i , θ i ) in exactly the same manner as the usual superconformal group acts on spacetime. At loop level the ratio functions may be represented as integrals of rational functions. While the loop integrals themselves are divergent and require regularisation, the integrands of planar amplitudes are again found to be invariant under the dual superconformal group [39] . The closure of the ordinary and dual superconformal algebras was shown in [41] to be the full Yangian Y[psl(4|4; C)] associated to the superconformal algebra, and is believed to be a symmetry of planar N = 4 SYM. Twistors are the spinors of the (super)conformal group, so it is natural to construct a twistor space for the region momenta. This was introduced by Hodges [31] , who named it momentum twistor space to distinguish it from the standard twistor space associated to the ordinary superconformal group. With N = 4 supersymmetry, momentum twistor space is a copy of C 4|4 and may be described by four bosonic and four fermionic coordinates
The key property of this space is that the (complexification of the four-fold cover of the) dual superconformal group SL(4|4; C) acts linearly, so that a twistor Z is in the fundamental representation of the dual superconformal group. We now give a brief introduction to (momentum) twistor geometry. More complete introductions may be found in [31, 20] , or indeed the standard textbooks [42, 43] . The region supermomenta determine n momentum twistors Z i up to scale via the incidence relation
Using (2.2) we also have
and these equations together determine the region supermomenta momenta:
where the angle bracket with two arguments is the usual SL(2;
B . When needed, the supermomenta themselves can be reconstructed from (2.2) as
(2.8)
These equations do not fix the scale of the momentum twistors, so they determine only the sequence of n points [Z i ] in the projective space CP 3|4 = (C 4|4 − {0})/C * . Triviality under overall rescaling reduces the action of SL(4|4; C) to PSL(4|4; C). Geometrically, equations (2.5)-(2.7) simply state that the region momentum x i corresponds to a complex line X i ∼ = CP 1 in projective twistor space, and that this line is the join (i−1, i) of the twistors Z i and Z i−1 . In consequence, the null polygon in region momentum space determines and is determined by a polygon in momentum twistor space, as shown in figure 1.
Momentum twistors have been usefully employed to study the Grassmannian residue formula [20] in the context of leading singularities, to formulate a BCFWstyle recursion relation for loop integrands [39] and to evaluate certain one-and twoloop integrals themselves [34, 35, 36] . The advantage of the framework is not just the manifest dual superconformal symmetry, but also the fact that the momentum twistors Z i may be freely prescribed, in contrast to the region momenta that are constrained by (x i − x i+1 ) 2 = 0, or the original momenta p i that are additionally constrained to sum to zero.
incidence relations One of the first places these benefits are felt -and one that will be important throughout this paper -comes from rewriting the dual superconformal invariant [16] 
in terms of momentum twistors. This was first done in [20] with the result
10) where we have introduced the SL(4; C)-invariant skew product of four (bosonic) twistors
Each of the five factors in the denominator of (2.9) directly corresponds to factor in the denominator of (2.10), for example,
as follows directly from the incidence relations (2.5). Thus, R n;ij has a simple pole when any four of the five twistors on which it depends become coplanar. The form (2.10) for the R invariant is manifestly dual conformal. As shown in [20] , we can go further and write
in terms of the five supertwistors. Equation (2.13) makes dual super conformal invariance manifest, and is the basic building block of the momentum twistor Grassmannian. Either form also makes clear that a generic R invariant is really a totally antisymmetric function [ , , , , ] that may be defined for five arbitrary momentum twistors. Using this notation, we have R n;ij = [n, i−1, i, j−1, j], while the multi-index R invariants R n;ab;cd;...;ef introduced in [18] are again simply examples of [ , , , , ] evaluated on certain shifted twistors, as explained in [20] . We shall meet these R invariants throughout the paper.
The MHV formalism
MHV diagrams [1] are the Feynman diagrams of the twistor action [44, 45, 8] in an axial gauge. They consist of n-valent, local space-time vertices connected by propagators. These vertices are based on the MHV superamplitudes, given in momentum space by the famous Parke Taylor formula
To promote (3.1) to a vertex, one must be able to assign an unprimed spinor |λ to each leg, even off-shell. The prescription of Cachazo, Svrček and Witten is to pick an arbitrary, fixed reference spinor ι A and define
for every off-shell momentum p in the diagram. The |λ spinors are then used in (3.1) for off-shell legs in exactly the same manner as the spinor |i is used for the i th on-shell leg. In the N = 4 theory, one also assigns a Grassmann variable η to each leg, onshell or otherwise. These fermionic variables are used in the Grassmann δ 0|8 -function in (3.1). After multiplying (3.1) by a factor of 1/n to account for possible rotations of the vertex before connecting it into a diagram, this prescription promotes (3.1) to an off-shell 'MHV vertex'.
From the perspective of the twistor action, the choice of CSW reference spinor is a choice of axial gauge direction, while the whole infinite series of vertices are naturally packaged as
3) where X is the line is twistor space (not momentum twistor space!) corresponding to the space-time point x (not region momentum!).
MHV diagrams are formed by joining MHV vertices together with propagators. Each propagator that carries off-shell momentum p contributes a factor of 1/p 2 to the diagram, as again follows from the twistor space propagator in axial gauge 2 [8] . To account for the possible members of the supermultiplet that are travelling along the propagator, one integrates over the fermionic variables η associated to each propagator. For example, the simplest non-trivial diagram connects two MHV vertices with a single propagator and generates the expression
MHV ({λ, η}, . . .) . 
MHV tree diagrams in momentum twistor space
In this section we show that the momentum twistor expression for a tree-level MHV diagram can be obtained by replacing the vertices by unity and assigning an Rinvariant to each propagator in the diagram. An MHV diagram that contributes to a tree-level N k MHV amplitude has k propagators, and so yields a product of k R-invariants.
We first state the momentum twistor MHV rules in sufficient generality to handle an arbitrary tree-level MHV diagram. We then illustrate the use of this rule in the simple examples of the NMHV and N 2 MHV tree amplitudes, and a particular diagram contributing the N 3 MHV tree, before proceeding to give the general proof in section 4.5.
Momentum twistor MHV rules for tree amplitudes
As will be proved below, the momentum twistor expression associated to a tree-level MHV diagram may be determined by the rule:
− To each propagator separating region x i from region x j , assign a factor of
where Z * is an arbitrary reference momentum (super)twistor.
The momentum twistors i−1 and j −1 are determined separately for each propagator as follows:
− If the external leg i − 1 is attached to a vertex on which the given propagator ends, then
− If the external leg i−1 is not directly attached to a vertex on which the given propagator ends (so that one must traverse at least one further propagator to reach i − 1), then Z i−1 is the intersection of the line (i − 1, i) with the plane spanned by the reference twistor Z * and the line (k − 1, k) associated to the propagator that is adjacent to the given one in the direction of i−1.
(The shift for j −1 is determined similarly.) The shifted value i−1 is depicted geometrically in figure 2 and may be written in components as
fully supersymmetrically. The region x i always lies between the external states i−1 and i. Furthermore, there is always a unique path between any two external legs of a tree diagram, so the prescription to move 'in the direction of i−1' is unambiguous.
The shifted twistor Z i−1 is the intersection of the line (i−1, i) with the plane ( * , k−1, k).
Note also that there is no need to shift k −1 in determining the location of i−1 -any such shift would move k −1 along the line (k −1, k) and so does not affect the plane ( * , k−1, k).
In the above rule, an external leg is only ever shifted if it precedes the given propagator in the cyclic ordering, so that i−1 and j −1 may be shifted, whereas i and j never are. This rule thus requires that we pick an orientation of each MHV diagram, which below will be clockwise. There is an equivalent rule for the opposite choice of orientation, where one instead assigns the R invariant [ * , i−1,î, j−1,] to a propagator adjacent to regions x i and x j , withî = (i−1, i) ∩ ( * , l−1,l) in case i is not attached to a vertex on which our given propagator ends, and where l−1 and l are the other external legs associated to the adjacent propagator in the direction of i. Indeed the correct result will be obtained even if we choose different orientations for different sequences of adjacent propagators. For the most part, we will content ourselves with the rule stated above.
Before proving these rules in general, we illustrate their use with some simple examples.
NMHV tree amplitudes
Tree-level NMHV superamplitudes may be obtained from a sum of MHV diagrams each containing two MHV vertices and a single propagator, shown in figure 3. Since there is only one propagator, the lines adjacent to the propagator at each MHV vertex are inevitably external, so there are no shifts. Summing over all possible diagrams, the above rules give simply
for the ratio of the NMHV tree amplitude to the MHV tree. Let us check that this is the correct answer. Stripping away the overall supermomentum conserving δ-function, each MHV diagram contributes on momentum space, where λ A ≡ x AA ij ι A is the CSW prescription for the spinor associated to the off-shell momentum in the propagator, and ι A is an arbitrary reference spinor. Pulling out a factor of the n-particle Parke-Taylor denominator, we are left with
where again λ| = [ι|x ij . The fermionic integration is trivial to perform after factorising the fermionic δ-function as
We thus see that this particular MHV diagram contributes
(times an overall n-particle MHV tree) to the NMHV tree.
Introduce the auxiliary momentum twistor Z * = (0, ι A , 0), the factors in the denominator of (4.6) may be written in terms of momentum twistors as (e.g.)
while the argument of the remaining fermionic δ 0|4 -function becomes
where in the last line we recall that Z * has vanishing fermionic components. The expression in equation (4.6) is therefore just the dual superconformal invariant [ * , i− 1, i, j −1, j], for the specific choice Z * = (0, ι A , 0) of reference twistor. The components of Z * may be changed to arbitrary values by applying a dual superconformal transformation. Since the sum (4.2) is both independent of the spinor |ι] and is a dual superconformal invariant, it must in fact be independent of the entire reference supertwistor Z * . Thus we have proved that our rule yields a correct expression for M NMHV on momentum twistor space.
Observe that the BCFW form [16] of the NMHV tree
follows immediately from the MHV diagram form (4.2) upon setting Z * = Z n and recalling that [ , , , , ] vanishes if any two entries are the same. (This equality may in fact be proven directly, and without fixing Z * , by expanding each BCFW term using the six term identity
and noticing that all terms depending on Z n cancel in pairs, leaving precisely the MHV diagram terms.) We shall return to this observation in a future publication.
N 2 MHV tree amplitudes
We now consider MHV diagrams that contribute to the tree-level N 2 MHV amplitude. These have three vertices connected by two propagators as shown in figure 4 . We take the convention that the first external leg attached to the leftmost vertex in a clockwise cyclic ordering is always i. Notice that we must have i < j −1 and k < l −1 for the left and right vertices to have at least three legs.
For the generic case l = i and k = j, there are no adjacent propagators, so our rules assign the product
(4.11)
The proof that our rule is correct here follows essentially identically to the NMHV case presented above. Once the overall tree-level MHV superamplitude has been stripped off and the fermionic integrations performed we are are left with the product of two R-invariants as claimed.
j −1 j Figure 5 : MHV diagrams occurring in the tree-level N 2 MHV amplitude for which the two propagators are adjacent. Notice that j −1 is unshifted in the first R invariant, because the external leg j −1 is attached to the propagator on the left. Notice also that, with our choice of orientation, the external leg j is never shifted.
In the boundary cases where either l = i or j = k, the two propagators are adjacent in the cyclic ordering of the middle MHV vertex, so we instead obtain
in the case k = j, where j −1 = (j −1, j) ∩ ( * , i−1, i) (see figure 5 ). We never have l = i and k = j simultaneously, because the middle vertex must have at least three legs. Combining the terms gives
where the sum is over the range 1 ≤ i < j ≤ k < l ≤ i + n (understood mod n) and where
and
We wish to show that the shifted terms in our rule correctly account for such 'boundary' diagrams with adjacent propagators. To this end, consider the N 2 MHV diagram with j = k shown in figure 5. There are two propagators adjacent to the region x j , separating it from x i and x k , respectively. Once again pulling out the overall MHV superamplitude, the usual momentum space MHV rules lead to the expression 
where in going to the second line, we replaced Z j−1 by Z j−1 in all terms where it is skewed with Z j , at the expense of a factor of * , i−1, i, j (four from the numerator and three from the denominator). The remaining expression involving the shifted twistor is
where we have used the translation (4.7)-(4.8) between momentum twistors and momentum space. Translating (4.18) to momentum space thus gives
It is easy to check that the unwanted numerator factor λ j = [ι|x ij |j = λ j (coming from the momentum twistor numerator * , i−1, i, j ) cancels with a similar factor in the denominator of [ * , i − 1, i, j − 1, j]. The remaining factors from [ * , i − 1, i, j −1, j] provide the remaining pieces of (4.17), as required. Summing over the possible diagrams, we find that the expression (4.14) for M N 2 MHV on momentum twistor space given by our rules is indeed correct. Once again, although our assignment of R invariants to MHV diagrams only agrees with the standard momentum space expressions term-by-term if we choose Z * to have the special form (0, ι A , 0), the sum (4.14) is independent of ι and dual superconformally invariant. It is thus independent of the complete supertwistor Z * .
As we remarked above, the rule for assigning R invariants to propagators requires that we choose an orientation of the planar diagram (here taken to be the clockwise orientation). An external leg is only shifted if it precedes the given propagator in this ordering, so that the external leg j in figure 5 is never shifted. With the opposite choice orientation, for the same diagram, j − 1 would remain unshifted whilst we would instead replace in the first R invariant, with  ≡ (j−1, j) ∩ ( * , l−1, l). That the two choices are equal follows from the identity
which is a consequence of the orientation reversal symmetry of the diagram.
We also remark that although the product of two R invariants is always manifestly dual conformal invariant, dual superconformal invariance of an R invariant that involves a shifted twistor only follows on the support of the fermionic delta function in the other R invariant. Thus, whilst [ * , j −1, j, l−1, l] is dual conformally invariant (up to a choice of Z * ), it is not dual superconformal unless multiplied by [ * , i−1, i, j−1, j]. Geometrically, this is because Z j−1 was defined as the intersection of the line (j−1, j) with the plane ( * , i−1, i). However, super twistor space has dimension 8, so that in general lines and planes do not intersect -they can 'miss' in the fermionic directions. On the support of the fermionic δ-function in [ * , i−1, i, j−1, j] however, Z * , Z i−1 , Z i , Z j−1 and Z j span a four-dimensional subspace of the full super twistor space. Within this subspace, the required intersection will always take place.
A diagram for the N 3 MHV tree
The final tree example we consider is a particular diagram that contributes to the n-particle N 3 MHV tree, illustrated in figure 6 . The MHV rules thus assign a factor 22) to this diagram. In this diagram we see a new phenomenon: that a propagator can be adjacent to others on both sides. In fact in this case, only one twistor is shifted in the Rinvariant for each propagator, although one can envisage diagrams in which two need to be shifted. The propagator separating x i from x j is connected to the vertex on which external leg j − 1 ends, but is not directly attached to the vertex on which i−1 ends. Thus, in the first R-invariant j −1 is unshifted whereas i−1 is shifted. The shift is determined by the region x k associated to the x i , x k propagator -the propagator that precedes the x i , x j propagator in the direction of i−1. Altogether, the appropriate shifts for all the variables are
(4.23) according to the momentum twistor MHV rule.
General trees
We now show that a general tree-level MHV diagram may be written by assigning an R invariant to each propagator in accordance with the rules given at the beginning of the section. Our rule involves orienting the diagram in a clockwise sense; there is an equivalent, though differently represented rule for the anticlockwise orientation.
To reformulate a general tree amplitude in momentum twistor space, we must divide through by the overall MHV tree and perform the fermionic integrals associated to each propagator using the remaining fermionic δ-functions in the MHV vertices. The general procedure is as follows. Multiplying through by i − 1 i is straightforward. On the support of Grassmann δ-functions at all the other vertices, the δ 0|8 -function at any particular vertex can be made to depend purely on the external states. It then becomes the overall factor δ 0|8 ( n i=1 |i η i ) and may be removed. Any (connected) tree diagram obeys
so there is a Grassmann δ 0|8 -function remaining for each of the P propagators. In particular, on their mutual support, we can reassemble them into a product with one for each propagator so that for the propagator separating region x i from x j , this δ-function is δ 0|8 (θ ij + |λ η). Here, |λ = x ij |ι] is the CSW prescription for the propagator momentum and η is the fermionic variable of the propagator, associated with the sum over the N = 4 supermultiplet passing along this propagator. Performing the integration over η gives
and these remaining 4P fermionic δ-functions will form the Grassmann parts of the P R invariants. For every propagator that is in between two external lines in the cyclic ordering of each of its terminating vertices, the calculation is identical to the NMHV case considered above and gives simply [ * , i − 1, i, j − 1, j]. However, the diagram may contain arbitrarily long sequences of propagators that are all adjacent to the same region, say x i . Furthermore, two such sequences may 'back onto' each other, as in the N 3 MHV diagram considered above. Diagrams of this type are in fact generic for anti-MHV amplitudes. Our task in what follows is to prove that the arguments of the corresponding R invariants are always shifted in accordance with the rule given above.
We first consider a sequence of m propagators that are all adjacent to the region x i , i.e., are all in between external legs i−1 and i (see figure 7) . Let us assume for the moment that this sequence does not back onto any other such sequence. Then the r th such propagator will has adjacent external legs j r −1 and j r . Reading from the right of the figure, the contribution to the MHV diagram from this sequence of propagators is
.
(4.26)
In the second version we have included a ratio in the product that cancels one term with the next to leave just one overall factor of [ι|x ijm |i−1 in the denominator. This product can now straightforwardly be identified with
where The equality of the two expressions in (4.27) follows from the performing the same calculation with the orientation reversed.
Finally we need to check that the given prescription holds even when, for some values of r, we have j r−1 = j r or a longer sequence of adjacent propagators on the other side. The key point is that each R-invariant has 5 denominator factors. In our prescription it is always the case that one of them gives the actual physical propagator 1/x 2 ij , and two of them correspond to spinor products in the Parke-Taylor denominator of the MHV vertex that are associated with the region on one side x i , and two with the region on the other side x j . It is easily seen that the factors associated to region x i operate independently of those that are adjacent to region x j . Thus we can handle this situation by applying separate shifts to the corresponding momentum twistors on both sides of the propagator (i−1 and j r −1) according to the given prescription.
We emphasize that the overall orientation is irrelevant; the orientation of each sequence of adjacent propagators can be chosen independently from each other. Each choice merely corresponds to a different representation of the same underlying formula.
MHV loop diagrams in momentum twistor space
In this section we consider using MHV diagrams for loop amplitudes in N = 4 SYM. At one loop, the Feynman tree theorem has been used [4] to prove the equivalence of the MHV formalism with conventional methods. However, beyond the 1-loop MHV amplitude computed in [3] , we are not aware of any explicit calculations of amplitudes or integrands in N = 4 SYM using the MHV formalism. In large part this is because in momentum space, the formal expression of a sum over products of MHV vertices with the CSW prescription for propagators is more complicated than competing methods such as generalized unitarity. We will see that working in momentum twistor space considerably simplifies the formulae.
Our first task in this section is to extend the tree-level rule for assigning an Rinvariant to each propagator in a loop diagram. The main new feature is that the R-invariants can now depend on momentum twistors associated to the loop variables. In a planar diagram, all the propagators that form a given loop must be adjacent in the cyclic ordering of the MHV vertices around the edge of that loop. Our tree-level rule for shifting the arguments of these R-invariants must be extended to cope with this situation.
Using our loop rule, MHV diagrams quickly present the integrand 3 of a planar N = 4 SYM loop amplitude in terms of a sum of products of R invariants. In section 5.5 we go on to show that these expressions can be easily manipulated into a form that is suitable for integration [36] .
Momentum twistor MHV rules at one loop
One loop amplitudes have an integral over a single 'internal' region momentum, corresponding to an arbitrary line in momentum twistor space. We suppose that X is the line (A, B) through some points Z A and Z B . At one loop, the momentum twistor MHV rules are then − To each propagator separating the external regions x i and x j , assign a factor of [ * , i−1, i, j −1, j] exactly as at tree-level.
− To each propagator separating an external region x i from the internal region x AB , assign a factor of [ * , i−1, i, A,B].
In these loop R invariants, the shifted external leg i−1 is determined separately for each propagator in exactly they same way as at tree-level. The shifted loop variablê B is also determined separately for each propagator according to the rule:
− For each propagator in the loop,B = (AB) ∩ ( * , k −1, k) where k −1 and k are the external legs associated to the preceding loop propagator in the cyclic ordering.
As at tree-level, this rule assumes that we have picked an orientation of the planar diagram, which below we take to be clockwise. Again there is an analogous rule for the anticlockwise orientation. Following this rule leads to a representation of a 1-loop MHV diagram contributing to the planar N k MHV amplitude as a product of P R-invariants, of total Grassmann degree 4P , and depending on the super twistors Z A and Z B associated with the loop. Integrating out the fermionic components of Z A and Z B leaves us with total Grassmann degree 4(P − 2), or 4(P − 2L) at arbitrary loop order. From the momentum space MHV rules, we expect to have Grasssmann degree 8V from the MHV vertices, less 4P from the sum over the supermultiplets running along each propagator, less a further 8 for overall super-momentum conservation. For any
so 8V − 4P − 8 = 4(P − 2L), agreeing with Grassmann degree provided by the momentum twistor MHV rule.
MHV 1-loop
We begin by illustrating the use of this rule with the simple example of the 1-loop MHV planar integrand. Every MHV diagram that contributes to this amplitude 
As discussed above, the integration over the fermionic parts of the auxiliary twistors Z A and Z B is necessary to provide the correct Grassmann degree. As will be discussed further in section 5.5, the integration over the bosonic parts of these twistors can be interpreted as the loop integral itself. Note that the summation range i < j here allows i = j −1, corresponding to a three-point MHV vertex on one end of the loop. Let us check that (5.2) is correct. In momentum space, once we pull out the overall momentum conserving δ-function, the standard MHV rules associate the diagram in figure 8 with the expression [3, 47] 
where
are the CSW prescription for the spinors associated to the momentum in the lower and upper propagators, respectively. (Again, |ι] is a reference spinor.) Pulling out an n-particle Parke-Taylor denominator and performing the fermionic loop integrals, the remaining integrand is
To translate this expression to momentum twistor space, we again promote the reference spinor to a reference momentum twistor Z * = (0, ι A , 0). We then find To compare (5.6) to the product of R invariants given by our rules for the same diagram, we must integrate out the fermionic components of the loop supertwistors Z A and Z B in (5.2). This is straightforward: first notice that .7) and similarly for the second R invariant; then integration over the Grassmann δ-functions gives a factor
which combines with the remaining factors in the denominator of the product of the two R-invariants to give exactly (5.6). This proves that the loop integrand (5.2) provided by the MHV rules in momentum twistor space agrees with the standard MHV rules expression for the loop integrand when the reference supertwistor is Z * = (0, ι A , 0). That the momentum space MHV rules agree with standard Feynman rules for the 1-loop amplitude was proved in [4] . The loop integrand is dual superconformally invariant [39] , so as at tree level we are free to use the momentum twistor MHV rules with a completely arbitrary choice of reference twistor.
The sum over MHV diagrams allows j = i + 1, whose corresponding diagrams involve a three-point MHV vertex with external particle i. For these terms, the above formulae simplify using the identity * , i−1, i, A B, i, i+1, * + * , i−1, i, B A, i+1, i, * + * , i−1, i, i+1 A, B, i, * = 0 .
(5.9) The numerator factor A, B, i, * 2 cancels two spurious propagators resulting in a box integrand with one spurious and three physical propagators.
Incidentally, note again that if we set Z * to be the equal to the external twistor Z n , then (5.2) becomes
A, B, i−1, n A, B, i, n A, B, j −1, n A, B, j, n .
(5.10) This form of the integrand was found in [39] using the loop-level BCFW recursion relation.
NMHV 1-loop
There are two classes of MHV diagram that contribute to the 1-loop planar NMHV amplitude, each shown in figure 10 .
For the 'triangle' topology, there must be at least one external leg at each vertex. Consequently, legs i − 1, j − 1 and k − 1 are always attached to their respective propagators, so the momentum twistor expression for this diagram is
12) in accordance with the rule above.
For the 'bubble + leg' topology, in the generic case that j = k and l = i (mod n) the momentum twistor MHV rule assigns R invariants to the propagators independently, with the result that one obtains a factor of
with B = (A, B) ∩ ( * , j −1, j) and B = (A, B) ∩ ( * , i−1, i). This is simply the product of a the expressions for a 1-loop MHV diagram and a tree-level NMHV diagram. However, there are also exceptional cases of this diagram where either k = j (so that there are no external legs attached to the middle vertex 'upstairs') or l = i, or both. The rule requires that we shift the external twistors in such cases, so that overall we find
where B = (A, B) ∩ ( * , j−1, j) and B = (A, B) ∩ ( * , i−1, i) and where the shifted external twistors are
Note that the shift of i−1 is itself shifted in the doubly exceptional case that there are no external legs attached to the middle vertex at all. The complete planar amplitude is then given by
16) where the limits on the sums are understood mod n. Rather than examining this amplitude in isolation, we proceed to the general proof at 1-loop.
General 1-loop integrands
We now give a general proof of that the one-loop momentum twistor MHV rules stated above agree with the standard MHV rules in momentum space. That these rules in turn agree with the Feynman diagram calculation was proved in [4] .
The treatment of the propagators that do not participate in the loop, and the shifts of external momentum twistors in the boundary cases proceeds exactly as at tree level. It remains to prove that our rule for the assignment of R invariants to loop propagators agrees with the usual momentum space rules. To handle these, number the vertices around the (planar) loop clockwise from 1 to m, and suppose that external legs j r to j r+1 − 1 are attached to the r th such vertex. The loop variables may be handled by the usual CSW prescription, which associates the spinor | r ≡ (x 0 −x jr )|ι] to each propagator in the loop. Similarly, the sum over the possible members of the N = 4 supermultiplet flowing along the propagator separating x 0 fromx jr may be associated with an integral over a fermionic variable η r . The m vertices in the loop then contribute a product
of m Grassmann δ 0|8 -functions. In the second line, we have substituted the arguments of the first m − 1 such δ-functions into the arguments of the m th one, whereupon it becomes simply an overall fermionic momenta conserving δ-function for the loop. This prefactor will be left as part of the overall MHV factor associated to the loop part of the diagram.
Just as the standard bosonic region momentum x 0 for the loop trivialises momentum conservation for the whole loop, so too can we trivialise fermionic momentum conservation within the loop by defining a region supermomentum θ 0 by
and multiplying (5.17) by the additional factor δ 0|8 (θ jm,0 + | m η m ), and extending the loop integral as d
On the support of this extra δ 0|8 -function, the other Grassmann δ-functions can be reduced inductively to enforce 19) so that (5.17) is equivalent to the product
We can now integrate out the fermionic variables η r for each propagator in the loop. The result is
enforcing overall supermomentum conservation for the loop together with a factor of δ 0|4 ( r |θ jr,0 ) for the r th propagator. We now pull out an overall Parke-Taylor denominator for the external lines attached to the loop, together with the overall super-momentum conserving factor δ 0|8 (θ j m+1 − θ j 1 ) for the loop. Including a 1/p
( 5.22) from the usual MHV rules in momentum twistor space, where the loop integral is to be taken over the auxiliary region supermomentum (x 0 , θ 0 ).
We must now translate this expression to momentum twistor space and compare it with the product of R-invariants provided by our momentum twistor rule. To do so, we introduce the momentum twistors
where λ A | is an arbitrary spinor, subject only to the conditions λ A | r = 0 for all r. Clearly, the twistor lines (A, B r ) coincide with the line X 0 representing the auxiliary region (x 0 , θ 0 ). Geometrically, as in figure 2 at tree-level, the point B r represents the intersection of X 0 with the unique transversal through X 0 , X jr and the reference twistor Z * . It is therefore equal to the shifted momentum twistor B that was earlier associated to the (r + 1) st loop propagator. Upon inserting factors into (5.22) that cancel around the loop, we obtain the equivalent expression 25) exactly in agreement with the momentum twistor MHV rule given at the beginning of the section, for the specific choice of reference twistor Z * = (0, ι, 0). As at tree level, the proof [4] that the momentum space rules are equivalent to the usual Feynman rules ensures that the complete integrand is independent of |ι]. Since this integrand is dual superconformally invariant, we can treat Z * as a completely arbitrary reference momentum supertwistor. We have thus proved the validity of the momentum twistor MHV rules for 1-loop amplitudes.
The loop contour
At one loop, the momentum twistor MHV rules have provided us with expressions for the integrands of planar amplitudes in terms of a dual superconformally invariant sum of products of R invariants. In the above, we stated that to perform the loop integrals themselves, one must integrate this expression over the complete auxiliary supertwistors Z A and Z B using the measure
Let us see why this is correct.
Whenever A and B are distinct points in projective space, they define a line X that corresponds to an arbitrary point x AB in (complexified) space-time. Explicitly, we have
which ensure that A, B ∈ X. Using this, our integration measure may be split as
into a measure on the choice of line (x AB , θ AB ) together with a measure for the actual locations of A and B on this line. These locations are not part of the original momentum space data, and so must drop out.
To understand how this happens, recall that by our above proof the sum of products of R invariants in the integrand is equivalent to the standard, Feynman diagram formula for the loop integrand. After integrating out the fermions, this sum can only be a function of the region momentum x AB and the external twistors. Therefore, the only dependence on λ A,B in the entire integral is from the measure (5.27). It is now straightforward to integrate out these spinors. Each λ represents a point on the line X ∼ = CP 1 . The integrand depends on λ A,B meromorphically, so the integral must be treated as a contour integral. The only class of contour that leads to a non-vanishing result is to pick the contour to be the antidiagonal
This antidiagonal is defined by setting λ B to be the complex conjugate of λ A , using any notion of spinor complex conjugation that has no fixed points. A spinor complex conjugation with no fixed points (such as Euclidean conjugation) has the property that if λ A = λ B , then λ A = λ B ensureing that the contour avoids the singularity. With any such contour, the λ A,B integrand becomes simply 2πi times the Kähler form ω on S 2 so the integral may be trivially performed: While this explains how to reduce the twistor integrals to the usual momentum space integral, note that it is also possible to perform the integrals in twistor space directly. Naïvely, in Euclidean signature, or any Wick rotation away from the Euclidean real slice towards the Lorentzian one, the total integral is over the S 2 contour of the λ integrals and the R 4 loop integral, viewed as a real contour inside complex space-time. Since the integrand is dual conformally invariant, it is natural to extend these integrations over the compact space. In so doing, one finds that rather than obtaining a product S 2 × S 4 , the S 2 factor fibres over the S 4 base so that the total contour is the antidiagonal CP 3 ⊂ CP 3 × CP 3 inside the two copies of twistor space parametrised by (the bosonic components of) Z A and Z B (see [34, 35] for further discussion). This naïve extension fails because of the IR divergences of the loop amplitudes -there is no way to make such a contour avoid the singularities of the integrand. However, it is possible to regularise the integrand directly in twistor space using the Coulomb branch regularisation introduced in [33] and this has been carried out explicitly in [34, 35] for 1-loop and [36] for certain 2-loop integrals. (At present, this regularisation technique requires that the integrand be written in a way that contains no spurious loop propagators.)
Relation to Generalised Unitarity
This section is an interlude from the main development of the paper. In it, we relate the form
of the integrand of the 1-loop MHV amplitude provided by the MHV rules in (5.2) to the generalised unitarity form [48] 
where F n;ij is understood to mean either the 'two-mass easy' box function which is just a special case of (6.3) with j = i − 2. These integrals are divergent (on the loop contour) and must be regularised. As mentioned above, in the context of momentum twistors, it is natural to use the Coulomb branch regularisation of [33] which amounts to replacing the propagators in (6.3)-(6.4) according to the prescription 1
with some mass scale µ (related to the expectation value of the Coulomb branch scalar). This regularisation has a natural geometric interpretation in momentum twistor space, for which we refer the reader to [34, 35] .
Using dimensional regularisation and performing the loop integrals, the equality of the 1-loop MHV amplitude as computed by momentum space MHV rules with the generalised unitarity expression was famously proved in [3] , using an identity involving nine different dilogarithms. However, one message of the beautiful recent paper [49] is that polylogarithm identities are best seen at the level of the integrand. Therefore, in this section we compare the two expressions (6.1) and (6.2) directly at the level of their integrands.
Consider the MHV diagram shown in figure 8 where external states {i, . . . , j−1} are attached to the left vertex and {j, . . . , i−1} to the right, and let us temporarily assume that there are at least two external particles on each vertex. As found in (5.6), after integrating out the loop fermions, the integrand associated to this diagram is * , i−1, i, A , B , j −1, j, * 
6) Figure 12 : The two mass easy box function F 2me n;ij receives contributions from the four displayed MHV diagrams.
where in going the second line we (twice) used the fact that a, b, c, d Z e + cyclic = 0 (6.7)
(four generic points form a basis of CP 3 ) to rewrite the numerator. The second line of (6.6) may be expanded out to give the sum of four terms
defined by Each of these functions is associated to a 2-cut of a 2me box in the channel x 2 ij → 0, but different f s correspond to cuts of different boxes (see figure 11 ). Thus, a single MHV diagram generically contributes to four different 2me boxes (although some of these vanish when |i − j| < 2 mod n).
Conversely, a generic 2me box F (6.14) This term contains a product of four physical propagators, together with a prefactor of vanishing homogeneity in the loop twistors A, B. Aside from the analytic derivation above, we have checked numerically that this second term is independent of the reference twistor Z * for up to twelve external particles, when summed over 1 ≤ i < j ≤ n. This prefactor is constructed from the lines (A, B), (i, * ) and (j, * ), but also from the planes (i−1, i, i+1) and (j−1, j, j+1), entering in the definition of I * and J * . Dependence on planes is a signal that this term is parity odd. It therefore integrates to zero on any contour (such as the loop contour) that respects parity, although it can contribute to leading singularities.
We have thus shown that the sum of MHV diagrams reproduces the generalised unitarity sum of 2 mass easy boxes at the level of the integrand, up to parity odd terms that integrate to zero on the loop contour.
Momentum twistor MHV rules to all loops
In this section we extend the momentum twistor MHV rules stated above to all planar diagrams in N = 4 SYM. The extension is a straightforward generalisation of the 1-loop case: These rules may be proved by induction on loop order. We start by considering a 1-loop subdiagram with P m propagators around the loop. By the results of section 5.4 we may replace this by a product of P m R-invariants, times an overall factor of the MHV tree -including fermionic momentum conservation -for the given subloop. The only difference compared to the 1-loop case is that the arguments of these R invariants may now be associated with further loop regions. (Since these regions are external to the loop under consideration, the 1-loop proof goes through unaltered for this sub-loop.) Setting the R invariants to one side, we may replace our original MHV diagram by one in which the whole sub-loop is replaced by a single MHV vertex. This new MHV diagram clearly has one fewer loops, allowing us to recurse down to the one-loop case.
The 2-loop MHV amplitude
We finish by illustrating the above all-loop momentum twistor MHV rule by computing the integrand of the n-particle 2-loop planar MHV amplitude. There are two The summation range of this term is 1 ≤ i < j ≤ k ≤ i, understood mod n. The second term, corresponding to the sum of 'double-bubbles', is The summation range in this second term is 1 ≤ i < j ≤ k < l ≤ i, again understood mod n. In both M 1 and M 2 we have used to abbreviation ABCD to indicate the integral over the momentum twistors associated to each loop.
